In the present paper we investigate self-consistently slowly rotating neutron and strange stars in Rsquared gravity. For this purpose we first derive the equations describing the structure of the slowly rotating compact stars in f (R)-gravity and then simultaneously solve the exterior and the interior problem. The structure of the slowly rotating neutron stars is studied for two different hadronic equations of state and a strange matter equation of state. The moment of inertia and its dependence on the stellar mass and the R-squared gravity parameter a is also examined in details. We find that the neutron star moment of inertia for large values of the parameter a can be up to 30% larger compared to the corresponding general relativistic models. This is much higher than the change in the maximum mass induced by R-squared gravity and is beyond the EOS uncertainty. In this way the future observations of the moment of inertia of compact stars could allow us to distinguish between general relativity and f (R) gravity, and more generally to test the strong field regime of gravity.
I. INTRODUCTION
The f (R) theories are natural generalizations of Einstein's theory and they are widely explored alternative theories of gravity trying to explain the accelerated expansion of the universe. Their essence is that the standard EinsteinHilbert Lagrangian is replaced by a function of the Ricci scalar curvature R. Many different classes of f (R) theories were constructed and examined (for a review see [1] [2] [3] ). In the current paper we will be concentrated on the so-called R 2 -gravity, where the standard Einstein-Hilbert Lagrangian is replaced by R + aR 2 .
Even though the f (R) theories are normally employed to explain cosmological observation, the various astrophysical phenomena can also be used to impose constraints on these theories. Some of the most suitable objects in this direction are the neutron stars because of their high compactness and the rich spectrum of observations. Moreover the neutron stars can serve as a tool to test the strong field regime of the alternative theories of gravity. As the investigations show, nonlinear effects can appear in alternative theories of gravity when strong fields are considered for both neutron stars and black holes [4] [5] [6] [7] , which are not present for weak fields.
Static neutron stars in f (R) theories of gravity were examined up to now in many papers [8] [9] [10] [11] [12] [13] [14] [15] . However, most of these studies were based on a perturbative and not self-consistent method. The non-perturbative and self-consistent study in [16] shows that the perturbative approach in the parameter a is not suitable and one should solve the field equations self-consistently in order to obtain reliable physical results. From the results in [16] one can conclude that the mass and the radii of neutron stars can increase considerably for certain values of the parameters, but these changes are still comparable to the changes induced by different nuclear equations of state (EOSs). So the observations of the neutron star masses and radii alone can not be used to put constraints on the free parameters of the theory.
Our purpose in the current paper is to take the first steps toward thoroughly studying rotating compact stars in f (R) theories of gravity and their astrophysical manifestations. Similar studies were already performed in other generalized theories of gravity (see e.g. [7, [17] [18] [19] ). A very first step in this direction and an important extension of the results in [16] is to consider the slow rotation approximation (in linear order of the angular velocity Ω). Even though this approximation is expected to be valid only for rotational frequencies below a few hundred Hz, it turns out that most of the observed neutron stars fall into this category. A drawback is that it can not account for the changes in the mass and radius of the neutron stars due to rotation, because these effects are of the order Ω 2 . But the slow rotation approximation can give us information about the frame dragging around neutron stars and the moment of inertial. This can be already observationally relevant, because it is expected that in the near future the observations of double neuron stars would allow us to measure the moment of inertia with a good accuracy [20, 21] . Moreover the slow rotation approximation can be used to study the r-modes for rotating neutron stars and the associated gravitational wave emission [22] [23] [24] .
In the present paper we study models with both nuclear matter EOS and strange star EOS. Up to our knowledge this is the first self-consistent study of strange stars in f (R) theories of gravity. It is important because strange stars have very distinct properties compared to the standard neutron stars and our investigations can help us to determine up to what extend the results and conclusions in the present paper are EOS independent.
Studying rapidly rotating neutron stars is also important, because as the results in the case of scalar-tensor theories of gravity [7] show, rapid rotation can magnify significantly the deviations from general relativity. It is expected that the same will be true also for rapidly rotating neutron stars in f (R) theories, but this study is very complex and involved and we leave it for a future publication.
II. BASIC EQUATIONS
The f (R) theories are described by the following action
with R being the scalar curvature with respect to the spacetime metric g µν . S matter is the action of the matter fields collectively denoted by χ. In order for the f (R) theories to be free of tachyonic instabilities and the appearance of ghosts, the following inequalities have to be satisfied [1] [2] [3] 
respectively. In the spacial case of R 2 gravity the above inequalities give a ≥ 0 and 1 + 2aR ≥ 0. It is well-known that the f (R) theories are mathematically equivalent to the Brans-Dicke theory (with ω BD = 0) given by the action
where the gravitational scalar Φ and the potential U(Φ) are defined by
, respectively. In the case of R 2 gravity we have Φ = 1 + 2aR and the Brans-Dicke potential is
In many cases it proved useful to study the scalar-tensor theories in the so-called Einstein frame with metric g * µν defined by the conformal transformation g * µν = Φg µν . The Einstein frame action can be written in the form
where R * is the Ricci scalar curvature with respect to the Einstein frame metric g * µν and the new scalar field ϕ is defined by ϕ =
ϕ . In the case of R 2 gravity one can also show that
In accordance with the main purpose of the present paper we consider stationary and axisymmetric spacetimes as well as stationary and axisymmetric fluid and scalar field configurations. Keeping only first-order terms in the angular velocity Ω = u φ /u t , the spacetime metric can be written in the form [25] 
The last term in the expression for the metric reflects the influence of the rotation in linear order in Ω, i.e. ω ∼ O(Ω). The effect of rotation on the other metric functions and the scalar field is of order O(Ω 2 ). The influence of the rotation on the fluid energy density and pressure is also of order O(Ω 2 ). For the fluid four-velocity u µ , up to linear terms in Ω, one finds u = u t (1, 0, 0, Ω), where u t = e −Φ(r) .
Taking into account all the symmetries and conditions imposed above, the dimensionally reduced Einstein frame field equations containing at most terms linear in Ω, are the following
where we have defined
Here p and ρ are the pressure and energy density in the Einstein frame and they are connected to the Jordan frame quantities p * and ρ * via ρ * = A 4 (ϕ)ρ and p * = A 4 (ϕ)p respectively. The above system of equations, supplemented with the equation of state for the star matter and appropriate boundary conditions, describes the interior and the exterior of the neutron star. Evidently in the exterior of the neutron star we have to set ρ = p = 0.
What is important for this system of equations is the fact that the equation forω is separated from the other equations which form an independent subsystem. This subsystem is just the system of reduced field equations for the static and spherically symmetric case. The natural boundary conditions at the center of the star are ρ(0) = ρ c , Λ(0) = 0, while at infinity we have lim r→∞ φ(r) = 0, lim r→∞ ϕ(r) = 0 as required by the asymptotic flatness [16] . The coordinate radius r S of the star is determined by the condition p(r S ) = 0 while the physical radius of the star as measured in the physical (Jordan) frame is given by
The equation forω is in fact an elliptical partial differential equation on a spherically symmetric background. This fact and the asymptotic behaviour ofω at spacial infinity allow us to considerably simplify this equation. Expandinḡ ω in the form [25] 
where P l are Legendre polynomials and substituting into the equation forω we find
In asymptotically flat spacetimes, the asymptotic of the exterior solution of (13) isω l → const 1 r −l−2 + const 2 r l−1 . Taking into account that ω → 2J/r 3 (or equivalentlyω → Ω − 2J/r 3 ) for r → ∞ with J being the angular momentum of the star and comparing it with de above asymptotic forω, we conclude that l = 1, i.e.ω l = 0 for l ≥ 2. In other words,ω is a function of r only. Therefore the equation for theω is
The natural boundary conditions for this equation are dω dr (0) = 0 and lim
The first condition ensures the regularity ofω at the center of the star. One of the most important quantities we consider in the present paper is the inertial moment I of the compact star. It is defined in the standard way
Using equation (14) forω and the asymptotic form ofω one can find another expression for the inertial moment, namely
In the next section where we present our numerical results we shall use the dimensionless parameter a → a/R 2 0 and the dimensionless inertial moment I → I/M ⊙ R 2 0 where M ⊙ is the solar mass and R 0 is one half of the solar gravitational radius R 0 = 1.47664 km (i.e. the solar mass in geometrical units).
III. RESULTS
The last supplement in solving the field equations (6)- (9) , (14) is to specify the EOS. We will be working with two classes of EOSs -realistic hadronic EOS and quark matter EOS. Let us note that these are the first self-consistent and non-perturbative with respect to a results of strange stars in f (R) theories of gravity, even in the static case. The hadronic EOSs are Sly4 [26] and APR4 [27] , which both reach the two solar mass barrier and are in agreement with the current estimates of the neutron star radii [28] [29] [30] [31] [32] . The strange matter EOS is taken to be of the form
where b and ρ 0 are parameters obtained from fitting different quark star EOS. In this paper we will work with b = 1/3 and ρ 0 = 4.2785 × 10 14 g/cm 3 , which corresponds to the SQSB60 equation of state given in [33] . This strange star EOS is just a little bit below the two solar mass barrier, but we consider it as a representative example and we expect that other strange matter EOS will lead to qualilatively similar results. The presence of a nontrivial potential of the scalar field makes the system of differential equations stiff, as we commented in [16] . In addition, as it is evident from equation (18), the surface density for quark stars is different from zero (more precisely it is equal to ρ 0 ), which naturally causes a discontinuity of the density function at the surface and makes the calculations nontrivial. Hence one should introduce certain modifications in the applied shooting procedure and keep a close look at the numerical calculations.
The mass as a function of the stellar radius is shown in Fig. 1 for the two hadronic EOSs and the strange star EOS. As we commented, the masses and radii in the slow rotation approximation we are considering are the same as in the static case, because the changes in M and R are of order Ω 2 . A detailed study of the mass-radius diagram, including a comparison with the available observational constraints, was made in [16] in the case of hadronic EOS. The behavior of the strange stars is somehow different -for masses below roughly 1M ⊙ , the deviations from general relativity are almost negligible, and strong deviations are observed only close to the maximum mass. Also the radius of strange stars in f (R) gravity is always larger compared to the general relativistic case, while for neutron stars it is larger for massive models and smaller for less massive ones. The increase of the maximum strange mass with respect to the Einstein's theory of gravity is around 10%, similar to the neutron stars case.
We proceed now to the effects of rotation. In Fig. 2 we plot the normalized metric functionω/Ω as a function of the radial coordinate for different values of the parameter a and for models with two different fixed values of the mass -M = 1.5M ⊙ and M = 1.9M ⊙ . The deviations from pure general relativity are stronger towards the center of the star, where the main contribution of the scalar field is. The differences decrease when we tend towards the limit at asymptotic infinityω/Ω → 1. Also larger masses normally lead to larger differences compared to GR. As should be expected, decreasing of the parameter a leads to a decrease of the central value forω and in the case a → 0 they coincide with GR (see [16] for more details). The maximum reached deviation (for a → ∞) is very close to the a = 10 4 case on the graph. For very small parameters a (typically below a < 0.5) the central value of the function ω/Ω might fall slightly below the general relativistic case, but these solutions differ only marginally from GR and they are not shown on the graph. We can compare our results to the case of scalar-tensor theories and tensor-vector-scalar theories of gravity [18, 19] . In the particular scalar-tensor theory considered in [18] , the qualitative behavior ofω is the same, but if we restrict ourselves to values of the coupling parameters allowed by the observations of binary neutron stars [31, 34] , then the results in scalar-tensor theories will be almost indistinguishable from general relativity. The tensor-vector-scalar theories give a different qualitative behavior of the functionω/Ω -its central value decreases with respect to GR for the whole range of studied parameter, but these deviations are small and within the range of the EOS uncertainties. Only the f (R) theories can give a significant changes of the functionω for large values of a -the differences in the central values ofω/Ω reach approximately 30%, that is much larger than the values reported in [18, 19] .
A global characteristic of neutron stars, that can be obtained via the slow rotation approximation, is the moment of inertial given by equation (17) . In Fig. 3 we plot the neutron star moment of inertia as a function of mass for different values of the parameter a. In these graphs we see the well know behavior -when decreasing the parameter a, the values of the moment of inertia get closer to the GR case and in the limiting case of a → 0 they coincide. The maximum value of the moment of inertia for stable neutron star models in R 2 theories increases with up to 40% with respect to the GR case for a fixed EOS, as Fig. 3 shows. This is much larger compared to the mass-radius relations, where the increase of the maximum mass for R 2 gravity does not exceed roughly 10%. One can also notice that the increase of the moment of inertia is much stronger than the EOS uncertainty, even if we include the strange star equation of state. The observations of the moment of inertia in double neutron stars, on the other hand, are expected to reach an uncertainty of roughly 10% in the next few years [20, 21] . This would help us to set very tight constraints on the parameter a in the R 2 gravity we are considering, and similar constraints can be derived also for other classes of f (R) gravity. Currently the tightest observational constraint on a comes from Gravity Probe B experiment, namely a 2.3 × 10 5 (or a 5 × 10 11 m 2 in physical units) [35] , which means that the future observations of the neutron star moment of inertia could improve this estimate by orders of magnitude.
In order to quantify better the changes in the moment of inertia induced by f (R) theories, we can define a relative difference ∆ between the moment of inertia of models with equal mass in GR and R 2 gravity: Such differences were also examined in the case of scalar-tensor theories and TeVeS in [18, 19] . The value of ∆ as a function of the parameter a for models with different fixed masses, are shown on Fig. 4 . As we can see, for small values of the parameter a, the deviation is close to zero and it can even reach negative values. But with the increase of a the deviation grows, reaching up to about 30% for a = 10 4 . The masses plotted on Fig. 4 reach the maximum mass of the GR solutions for the corresponding EOS 1 . It is evident that larger deviations from GR are accomplished for larger masses. Thus in order to achieve differences beyond the expected observational uncertainty, one has to consider masses above approximately 1.5M ⊙ .
IV. CONCLUSIONS
In the present paper we considered slowly rotating neutron stars in R 2 gravity, keeping only terms of first order in the angular velocity Ω. The calculations are made non-perturbatively with respect to the parameter a and selfconsistently, and they are a natural extension of the static case considered in [16] . For this purpose we derived the necessary field equations and solve them numerically.
In our studies we consider three equations of state -two hadronic EOS which are both in agreement with the current observational constraints, and a strange star EOS. The mass and the radius of neutron stars in slow rotation approximation remain unchanged with respect to the static case, but it is interesting to comment on the qualitative difference between strange stars and neutron stars, as strange stars in f (R) gravity were not considered until now within the non-perturbative approach with respect to a. The most important difference is that below approximately 1M ⊙ the mass-radius relation for strange stars in R 2 theories differs only marginally from the GR case. This is qualitatively different from neutron stars, where the radius for small masses can decrease considerably with respect to GR. For both classes of EOS, the increase of the maximum masses in f (R) theories can reach up to approximately 10% in the limit a → ∞ (more details on the hadronic EOS are given in [16] ).
One of the important quantities, the slow rotation approximation can provide, is the moment of inertia. The maximum value of the moment of inertia for stable neutron star models, that can be reached in R 2 gravity for very large values of a, more precisely for a 10 4 , is approximately 40% larger than the general relativistic case. This is a significant deviation compared to the change in the maximum mass and it is beyond the EOS uncertainly (even if we include the strange matter EOS). If we consider sequences of models with fixed masses, but different values of a, the difference between the moment of inertia for very large a ( a 10 4 ) and for a → 0 (GR) is up to roughly 30%. In general larger masses produce larger deviations. If we assume that the future observations of double pulsars will be able to reach 10% accuracy [20, 21] , the deviations due to R 2 gravity will exceed the observational uncertainties for masses above roughly 1.5M ⊙ . Therefore the present results can be used to set tight constrains on the parameter a in R 2 gravity, and this constraints will be several orders of magnitude stronger that the Gravity Probe B results. Similar investigations and conclusions can be made for other classes of f (R) theories and such a study is underway. It is important to note that the deviations observed in the present paper exceed significantly the estimates in other alternative theories of gravity [18, 19] .
The radial profile of the metric functionω also changes considerably. The deviations from GR are stronger in the central region of the star (where the scalar field is stronger) and for larger neutron star masses. The difference in the central value reaches as much as 30% for very large a 10 4 . This is considerably higher than the results in other alternative theories of gravity [18, 19] and the possible astrophysical manifestations should be studied in the future.
From all the presented results one can conclude that the R 2 gravity leads to very distinct neutron star characteristics even in the slowly rotating case. The rapid rotation on the other hand is known to amplify the differences from GR in the case of scalar-tensor theories [7] . As the f (R) theories are mathematically equivalent to scalar-tensor theories with a potential of the scalar field, we believe that similar conclusion can be made also for rapidly rotating neutron stars in f (R) theories. Even more, we expect that the deviations can be much stronger than the scalar-tensor theory case, since the changes in the static equilibrium properties are also more pronounced [4, 16] .
